Abstract. An integrable non-abelian generalization of a Hamiltonian flow on an elliptic curve is presented. A Lax pair for this non-abelian system is found. Keywords: Integrability, non-abelian ODE systems, flows on elliptic curves.
where u and v are m×m-matrices, I is the identity matrix, a, b and c are arbitrary constants. It was observed in [1] that this non-abelian system has many polynomial integrals and infinitesimal symmetries for any m. It is easy to see that all components of the matrix uv − vu are first integrals for the non-abelian system. In the case m = 1 we have a system of two ODEs which can be written in the Hamiltonian form
For generic a, b, c the relation H = const is an elliptic curve and (1) describes the motion of its point.
In the case of arbitrary m the system (1) remains to be Hamiltonian with the Hamiltonian
and non-abelian constant Poisson bracket [3] .
System (1) admits the following obvious discrete transformations, which change the values of the parameters a, b, c:
In the scalar case V. Adler [4] found one more transformation
It is easily verified that R
does not change the parameters and defines a non-trivial shift on the elliptic curve H = const. It can be verified that the transformation R 3 is applicable in the matrix case as well.
Lax representation
In the homogeneous non-abelian case c = a = b = 0 (see [2] 
where
can be derived from Section 3.1 of [2] and from the Lax pair
In this equation M(t) is an unknown matrix of arbitrary size and C is a given constant matrix. Proposition 1. The Lax equation
and L, A are given by (3) , is equivalent to the non-abelian system (1). Remark. It is easy to see that formulas (5) and (6) define also the Lax representation for (1) with u and v being elements of any associative algebra.
Trace first integrals
Consider first integrals of system (1) of the form tr (P (u, v)), where P is a polynomial. We called P a trace first integral. For the polynomial P we use the abbreviation TFI. The TFI is defined up to any linear combination of commutators of matrix polynomials.
As it was mentioned, system (1) has the matrix first integral vu − uv and therefore the trace of each one of its powers (vu − uv) n is a trace first integral M n of degree 2n. For example,
All other TFI come from the Lax representation. Namely, it follows from (5) that
for any k. Each expression tr (L k ) is a polynomial in λ, whose coefficients are first integrals. All these TFI involve parameters a, b, c. Moreover, replacing ε 2 by −ε − 1 the resulting expressions are linear in ε. Since ε is any of two solutions of the quadratic equation (4), we obtain two TFI through the coefficients of ε 1 , ε 0 .
For k = 1, 2 these integrals are trivial. In the case k = 3 the Hamiltonian (2) arises. Relations (7) with k = 4, . . . , 9 produce the integrals tr (T i ) , where We believe that the integrable non-abelian system (1) could be one of the keys on which a theory of non-abelian elliptic functions can be built.
